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THE T-TENSOR OF (α, β)-METRICS
SALAH G. ELGENDI
Abstract. The aim of this paper is to study the T-tensor of (α, β)-metrics. We characterize
the case in which the (α, β)-metric satisfies the T-condition; that is, the T-tensor vanishes. Also,
the case which the (α, β)-metric admitting functions σh(x) such that σhT
h
ijk
= 0, or simply
σT-condition, is characterized. In both cases, by solving some ODEs, we find explicit formulas
for the (α, β)-metrics. Both of the two classes are obtained by Z. Shen in a completely different
approach. The (α, β)-metrics satisfying the T-condition are positively almost regular Berwald
metrics and those (α, β)-metrics satisfying the σT-condition provide a class of almost regular
Landsberg non-Berwaldian spaces.
1. Introduction
The T-tensor plays an important role in Finsler geometry. For example, it was proved by Szabo
Zoltan [10] that a positive definite Finsler metric with vanishing T-tensor is Riemannian. Also,
Hashiguchi [5], showed that a Landsberg space remains Landsberg by every conformal change if
and only if the T-tensor vanishes identically. For further results and studies on the T-tensor, we
refer for example to [1, 3, 7, 8].
For a Finsler manifold (M,F ), the conformal transformation of F is defined by
F = eσ(x)F,
where σ(x) is a function on the manifold M . Under a conformal transformation, Landsberg space
remains Landsberg if and only if
σrT
r
jkh = 0, σr :=
∂σ
∂xr
.
It is obvious to note that if the condition σrT
r
jkh = 0 holds for every σ(x), then the T-tensor
vanishes. But using the result of Szabo Zoltan [10], the space will be Riemannian. So, what will
be more beneficial is to consider the case when Landsberg space remains Landsberg under some
conformal transformations. In [4], the author focused on the case which the condition σrT
r
jkh = 0
is satisfied for some σ(x) (some conformal transformations).
In this paper, we study the T-tensor of the (α, β)-metrics. Any (α, β)-metric F takes the form
F = αφ(s), s := β
α
and β is one form on the base manifold M . We start by studying the Cartan
tensor Cijk of (α, β)-metrics. We show that the Cartan tensor Cijk vanishes identically; that is,
the space is Riemannian, if and only if φ(s) =
√
k1 + k2s2, where k1 and k2 are constants.
We calculate the T-tensor of the (α, β)-metrics. We find the necessary and sufficient conditions
for (α, β)-metrics to satisfy the T-condition; that is, the T-tensor vanishes identically. By solving
some ODEs, we show that an (α, β)-metric satisfies the T-condition if and only if it is Riemannian
or φ(s) has the following form
φ(s) = c3s
cb2−1
cb2 (cb2 − cs2) 12cb2 .
We introduce the notion of σT-condition; we say that a Finsler space satisfies the σT-condition
if it is admitting functions σh(x) such that σhT
h
ijk = 0. We find the necessary and sufficient
conditions for an (α, β)-metric in order to satisfy the σT-condition. Moreover, we show that the
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(α, β)-metrics satisfy the σT-condition if and only if the T-tensor vanishes (this is the trivial case)
or φ(s) is given by
φ(s) = c3 exp
(∫
c1
√
b2 − s2 + c2s
s(c1
√
b2 − s2 + c2s) + 1
ds
)
.
It is worthy to mention that the above special (α, β)-metrics are obtained by Z. Shen [9]. Namely,
the formulas of φ(s) that characterized the T-condition produce positively almost regular Berwald
metrics. One can predict that the metric, in this case, is not regular because the T-tensor vanishes
(by Szabo Zoltan’s result). In his paper, Shen showed this almost regular property. The non trivial
formula that characterized the σT-condition (with some restrictions) provides the class of (almost
regular) Landsberg metrics which are not Berwaldian.
In [4], the author claimed that the long existing problem of regular Landsberg non Berwaldian
spaces is (closely) related to the question:
Is there any Finsler space admitting a function σ(x) such that σrT
r
ijk = 0, σr =
∂σ
∂xr
?
And in this paper we confirm this claim, in the almost regular case, since the class of (α, β)-
metrics that satisfies the σT-condition is as same as the class of Landsberg non Berwaldian metrics
which is obtained by Z. Shen [9].
2. The Cartan tensor and T-tensor of (α, β)-metrics
Let M be an n-dimensional smooth manifold. Let (xi) be the coordinates of any point of the
base manifold M and (yi) a supporting element at the same point. We mean by TxM the tangent
space at x ∈M and by TM =
x ∈ M
⋃
TxM the tangent bundle of M .
An (α, β)-metric is a function F on TM defined by
F = αφ(s), s :=
β
α
,
where φ = φ(s) is a C∞ function on (−b0, b0) and α =
√
aijyiyj is a Riemannian metric and
β = bi(x)y
i is a one form onM . For a Riemannian metric α and a one form β such that ‖βx‖α < b0,
(2.1) φ(s) > 0, φ(s)− sφ′(s) + (t2 − s2)φ′′(s) > 0, |s| < t < b0,
the function F is a (positive definite) Finsler metric and such (α, β)-metric is said to be regular.
And if ‖βx‖α ≤ b0 for all x ∈M , then the (α, β)-metric is said to be almost regular. If φ = φ(s) is
a C∞ on (0, b0), then F is called postively almost regular. For more details, we refer to [9].
For an (α, β)-metric F = αφ(s), the metric tensor gij =
1
2
∂2
∂yi∂yj
F 2, it can be calculated as
follows
(2.2) gij = ρaij + ρ0bibj + ρ1(biαj + bjαi) + ρ2αiαj ,
where αi :=
∂α
∂yi
=
aijy
j
α
.
ρ := φ2 − sφφ′,
ρ0 := φ
′2 + φφ′′,
ρ1 := φφ
′ − s(φ′2 + φφ′′),
ρ2 := s
2(φ′2 + φφ′′)− sφφ′,
where φ′ := dφ
ds
, φ′′ := d
2φ
ds2
and so on.
Proposition 2.1. The inverse gij of the metric gij is given by
gij =
1
ρ
aij + µob
ibj + µ1(b
iαj + bjαj) + µ2α
iαj ,
where µo := − φφ
′′
ρ(ρ+φφ′′m2) , µ1 := − ρ1ρ(ρ+φφ′′m2) and µ2 := ρ1(sρ+(ρ1+sφφ
′′)m2)
ρ2(ρ+φφ′′m2) .
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Proof. To determine the inverse of gij , let
(2.3) g ir = (1/ρ)air + µ0b
ibr + µ1(b
iαr + brαi) + µ2α
iαr ,
where bi = aijbj , b
2 = bibi. The functions µ0, µ1 and µ2 are to be determined. From (2.3), (2.2)
and using the fact that sρ1 + ρ2 = 0, we have
g ir gjr = δ
r
j + b
rbj(ρ0/ρ+ (ρ+ ρ0b
2 + sρ1)µ0 + (ρ1 + sρ0)µ1
+brαj(ρ1/ρ+ (b
2ρ1 + sρ2)µ0 + ρµ1)
+αrbj(ρ1/ρ+ (b
2ρ0 + ρ+ sρ2)µ1 + (ρ1 + sρ0)µ2)
+αrαj(ρ2/ρ+ (b
2ρ1 + sρ2)µ1 + ρµ2)
The coefficients of bibj , b
iαj , α
ibj and α
iαj must vanish so that we get the following system of
equations:
(2.4)
(ρ+ ρ0b
2 + sρ1)µ0 + (ρ1 + sρ0)µ1 = −ρ0/ρ
(b2ρ1 + sρ2)µ0 + ρµ1 = −ρ1/ρ
(b2ρ0 + ρ+ sρ2)µ1 + (ρ1 + sρ0)µ2 = −ρ1/ρ
(b2ρ1 + sρ2)µ1 + ρµ2 = −ρ2/ρ.
Solving the above system for µ0, µ1 and µ2, the result follows. 
Remark 2.2. It is to be noted that if ρ+ φφ′′m2 = 0, the quantity appeared in the denominators
of µ0, µ1 and µ2, then we get
φ(s)− sφ′(s) + (b2 − s2)φ′′(s) = 0.
The solution of the above ODE is given by
φ(s) = c1s+ c2
√
b2 − s2, c1 and c2 are constants.
But, by making use of the condition (2.1), such a φ is excluded.
Since the Cartan tensor Cijk is defined by
Cijk =
1
2
∂gij
∂yk
,
we have the following.
Lemma 2.3. The Cartan tensor Cijk of an (α, β)-metric is given by
Cijk =
ρ1
2α
(hijmk + hjkmi + hikmj) +
ρ′0
2α
mimjmk,
where hij = aij − αiαj and mi := bi − sαi.
Remark 2.4. The covariant vector mi satisfies the properties
mi 6= 0, yimi = 0, m2 := mimi = bimi 6= 0, bihij = mj ,
where, m2 = b2 − s2.
Theorem 2.5. For n ≥ 3, the following assertions are equivalent:
(a): ρ1 = 0.
(b): ρ2 = 0.
(c): (α, β)-metric is Riemannian.
(d): φ =
√
k1s2 + k2.
Proof.
(a)⇐⇒(d): Let ρ1 = 0. One can write ρ1 = φφ′ − sρ0 and also ρ0 = (φφ′)′. So, we have
ρ1 = 0 ⇐⇒ sρ0 = φφ′
⇐⇒ s(φφ′)′ = φφ′
⇐⇒ φφ′ = k1s (by integration)
⇐⇒ φ =
√
k1s2 + k2,
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where k1 and k2 are arbitrary constants.
(a)⇐⇒(c): Let ρ1 = 0. By making use of the above equivalences and Lemma 2.3, we get
ρ1 = 0 ⇐⇒ φφ′ = ks
=⇒ (φφ′)′ = k
=⇒ (φφ′)′′ = ρ′0 = 0
=⇒ Cijk = 0,
and hence the space (M,F ) is Riemannian. Now, assume that (M,F ) is Riemannian, we have
ρ1(hijmk + hjkmi + hikmj) + ρ
′
0mimjmk = 0.
Contracting the above equation by bibj and using the fact that m2 6= 0, we obtain
3m2ρ1 + ρ
′
0m
4 = 0.
And the contraction by gij gives
(n+ 1)ρ1 + ρ
′
0m
2 = 0.
Hence, by making use of the fact that n ≥ 3, we get that ρ1 = 0 and ρ′0 = 0.
(a)⇐⇒(b): Since ρ2 = sρ1, then the proof is obvious. 
For a Finsler manifold (M,F ), the T-tensor is defined by [6]
(2.5) Trijk = FCrijk − F (CsijCsrk + CsjrCsik + CsirCsjk) + Crijℓk + Crikℓj + Crjkℓi + Cijkℓr,
where ℓj := ∂˙jF , where ∂˙j is the differentiation with respect to y
j .
The T-tensor is totally symmetric in all of its indices.
Theorem 2.6. The T-tensor of an (α, β)-metric takes the form:
Thijk = Φ(hhihjk + hhjhik + hhkhij)
+Ψ(hhkmimj + hhjmimk + hhimjmk + hijmhmk + hjkmimh + hikmjmh)
+Ωmhmimjmk
where
Φ := −ρ1φ
2α
(s+ αk1m
2), Ψ :=
ρ1φ
′
α
− ρ
2
1φ
αρ
− sρ
′
0φ
2α
− ρ1φm
2K2
2
,
Ω :=
ρ′′0φ
2α
+
2ρ′0φ
′
α
− 3φ(k2(ρ1 + ρ
′
0m
2
2
) +
ρ1ρ
′
0
2αρ
),
K1 :=
ρ1(1 + ρµ0m
2)
2αρ
=
ρ1
2α(ρ+m2φφ′′)
,
K2 :=
ρ′0(1 + ρµ0m
2)
2αρ
+
ρ1µo
α
=
ρρ′0 − 2ρ1φφ′′
2αρ(ρ+m2φφ′′)
.
Proof. By using Lemma 2.3 and making use of the fact that ∂˙is =
mi
α
, we have
∂˙hCijk = − ρ1
2α2
(hiknjh + hjknih + hijnkh + hjhnik + hkhnij + hihnjk)
− sρ1
2α2
(hikhjh + hjkhih + hkhhij)− sρ
′
0
2α2
(hijmhmk + hkimjmh + hhkmimj
+hjhmkmi + hihmjmk + hkjmimh) +
ρ′′0
2α2
mimjmhmk
− ρ
′
0
2α2
(nijmhmk + nkhmimj)(2.6)
where nij := αimj + αjmi. By making use of the fact that K1 and K2 satisfy
ρ1
2α
(
K2m
2 +
ρ1
αρ
)
= K1
(
ρ1
α
+
ρ′0m
2
2α
)
,
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we have
CijrC
r
hk + CjkrC
r
hi + CikrC
r
hj =
(
ρ1K2m
2
2α
+
ρ21
α2ρ
)
(hijmhmk + hkimjmh + hhkmimj
+ hjhmkmi + hihmjmk + hkjmimh) + 3
(
ρ1ρ
′
0
2α2ρ
+K2
(
ρ1
α
+
ρ′0m
2
2α
))
mimjmhmk
+
ρ1K1m
2
2α
(hikhjh + hjkhih + hkhhij).
Since ℓi := ∂˙iF = φαi + φ
′mi, we get
Chijℓk + Chikℓj + Chjkℓi + Cijkℓh =
ρ′0φ
2α
(mimjnkh +mkmhnij) +
2ρ′0φ
′
α
mimjmhmk
+
ρ1φ
′
α
(hijmhmk + hkimjmh + hhkmimj + hjhmkmi + hihmjmk + hkjmimh)
+
ρ1φ
2α
(hiknjh + hjknih + hijnkh + hjhnik + hkhnij + hihnjk).
Now, taking the fact that F = αφ into account, the T-tensor of the space (M,F ) is given by
Thijk = FChijk − F (CsijCshk + ChjrCsik + CsihCsjk) + Chijℓk + Chikℓj + Chjkℓi + Cijkℓh
= Φ(hhihjk + hhjhik + hhkhij)
+Ψ(hhkmimj + hhjmimk + hhimjmk + hijmhmk + hjkmimh + hikmjmh)
+Ωmhmimjmk.

For an (α, β)-metric, one can calculate Φ, Ψ and Ω to obtain the formula for its T-tensor. Or one
can, easily, use Maple program for these calculations, for example we have the following corollary.
Corollary 2.7. The T-tensor of Kropina metric, (F = α
s
, φ(s) = 1/s), is given by
Thijk =
2
α2b2s2
(hhihjk + hhjhik + hhkhij) +
2
αb2s3
(hhimjmk + hhjmimk + hijmhmk
+hjkmimh + hhkmimj + hikmjmh) +
6
αb2s5
mhmimjmk.
It is to be noted that the above result is also obtained by Shibata [3] and [11].
The T-tensor of Randers metric, (F = α(1 + s), φ(s) = 1 + s), is given by
Thijk = −b
2 + s2 + 2s
4α
(hhihjk + hhjhik + hhkhij),
The above case has been studied by Matsumoto [7].
3. The T-condition and σT-conditions
It is well known that the Finsler spaces with vanishing T-tensor are called Finsler spaces satis-
fying the T-condition. In a similar manner, we call the Finsler spaces admitting functions σh(x)
such that σhT
h
ijk = 0 Finsler spaces satisfying the σT-condition. In this section, we characterize
the (α, β)-metrics which satisfy the T-condition and the σT-condition.
Theorem 3.1. The (α, β)-metrics with n ≥ 3 satisfy the T-condition; that is, the T-tensor vanishes
identically, if and only if Φ = 0.
Proof. Let Thijk = 0, then we have
Φ(hhihjk + hhjhik + hhkhij) + Ψ(hhkmimj + hhjmimk + hhimjmk
+hijmhmk + hjkmimh + hikmjmh) + Ωmhmimjmk = 0.(3.1)
By contracting the above equation by bh, we get
(Φ +m2Ψ)(hjkmi + hikmj + hijmk) + (3Ψ +m
2Ω)mimjmk = 0,
from which together with the fact that n ≥ 3, we have
Φ +m2Ψ = 0, 3Ψ+m2Ω = 0.(3.2)
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Again, contraction (3.1) by ahi, we obtain
((n+ 1)Φ +m2Ψ)hjk + ((n+ 3)Ψ +m
2Ω)mjmk = 0.
Then, taking the fact that n ≥ 3 into account, we get
(n+ 1)Φ +m2Ψ = 0, (n+ 3)Ψ +m2Ω = 0.(3.3)
Now, solving the equations (3.2) and (3.3) for Φ, Ψ and Ω, we have Φ = 0, Ψ = 0 and Ω = 0.
Conversely, let Φ = 0, then we have either ρ1 = 0 or s + αk1m
2 = 0. If ρ1 = 0 (the space is
Riemannian), then ρ′0 = 0 and hence Ψ = 0 and Ω = 0. And if s + αk1m
2 = 0, one can conclude
that Ψ = 0 and Ω = 0 (see Theorem 4.1). 
Proposition 3.2. The T-tensor T hijk := g
hrTrijk is given by
T hijk =
Φ
ρ
(hhi hjk + h
h
j hik + h
h
khij) +
Ψ
ρ
(hhkmimj + h
h
jmimk + h
h
imjmk + hijm
hmk
+hjkmim
h + hikmjm
h) +
Ω
ρ
mhmimjmk + (µ0b
h + µ1α
h)(Φ(hikmj + hijmk + hjkmi)
+Ψ(m2(hikmj + hijmk + hjkmi) + 3mimjmk) + Ωm
2mimjmk)
Proof. The proof is a straightforward calculations by using Proposition 2.1. 
Theorem 3.3. The (α, β)-metrics with n ≥ 3 admits function σi(x) such that σhT hijk = 0 if and
only if
(a): Φ +m2Ψ = 0.
(b): m2Ω + 3Ψ = 0.
(c): σj − σ0sα bj = 0.
Proof. By using Proposition 3.2, we have
σhT
h
ijk =
Φ
ρ
((
σi − σ0
α
αi
)
hjk +
(
σj − σ0
α
αj
)
hik +
(
σk − σ0
α
αk
)
hij
)
+
Ψ
ρ
((
σk − σ0
α
αk
)
mimj +
(
σj − σ0
α
αj
)
mimk +
(
σi − σ0
α
αi
)
mjmk
+
(
σβ − sσ0
α
)
(hijmk + hjkmi + hikmj)
)
+
Ω
ρ
(
σβ − sσ0
α
)
mimjmk
+
(
µ0σβ + µ1
σ0
α
)(
Φ(hikmj + hijmk + hjkmi)
+Ψ(m2(hikmj + hijmk + hjkmi) + 3mimjmk) + Ωm
2mimjmk
)
,
where, σ0 := σiy
i and σβ := σib
i. Using the fact that mi = bi − sαi, we get
σhT
h
ijk =
Φ
ρ
((
σi − σ0
sα
bi
)
hjk +
(
σj − σ0
sα
bj
)
hik +
(
σk − σ0
sα
bk
)
hij
)
σ0Φ
sαρ
(mihjk +mjhik +mkhij)
+
Ψ
ρ
((
σk − σ0
sα
bk
)
mimj +
(
σi − σ0
sα
bi
)
mkmj +
(
σj − σ0
sα
bj
)
mimk
)
+
Ψ
ρ
(
σβ − sσ0
α
)
(hijmk + hjkmi + hikmj)
+3
σ0Ψ
sαρ
mkmimj +
Ω
ρ
(
σβ − sσ0
α
)
mimjmk
+
(
µ0σβ + µ1
σ0
α
)
(Φ(hikmj + hijmk + hjkmi)
+Ψ(m2(hikmj + hijmk + hjkmi) + 3mimjmk) + Ωm
2mimjmk).
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The above equation can be written in the following form
σhT
h
ijk =
(
σ0Φ
sαρ
+
Ψ
ρ
(
σβ − sσ0
α
)
+ (Φ +m2Ψ)
(
µ0σβ + µ1
σ0
α
))
(hikmj + hijmk + hjkmi)
+
(
Ω
ρ
(
σβ − sσ0
α
)
+ 3
σ0Ψ
sαρ
+ (Ωm2 + 3Ψ)
(
µ0σβ + µ1
σ0
α
))
mkmimj
+
Φ
ρ
(
hjk
(
σi − σ0
sα
bi
)
+ hij
(
σk − σ0
sα
bk
)
+ hik
(
σj − σ0
sα
bj
))
+
Ψ
ρ
(
mjmk
(
σi − σ0
sα
bi
)
+mimj
(
σk − σ0
sα
bk
)
+mimk
(
σj − σ0
sα
bj
))
.
Now, putting σhT
h
ijk = 0, one can conclude that
σ0Φ
sαρ
+
Ψ
ρ
(
σβ − sσ0
α
)
+ (Φ +m2Ψ)
(
µ0σβ + µ1
σ0
α
)
= 0,
Ω
ρ
(
σβ − sσ0
α
)
+ 3
σ0Ψ
sαρ
+ (Ωm2 + 3Ψ)
(
µ0σβ + µ1
σ0
α
)
= 0,
σk − σ0
sα
bk = 0.
Therefore, σβ =
σ0b
2
sα
and taking the fact that σ 6= 0 into account, we get(
1
sαρ
+ µ0
b2
sα
+
µ1
α
)
(Φ +m2Ψ) = 0,(
1
sαρ
+ µ0
b2
sα
+
µ1
α
)
(Ωm2 + 3Ψ) = 0.
Now the choice 1
sαρ
+ µ0
b2
sα
+ µ1
α
= 0 gives the ODE ρ − sρ1 − s2φφ′′ = 0 which has the
solution φ = ks. This solution is just again the same background Riemannian metric α up to some
constants. So, we should have Φ +m2Ψ = 0 and Ωm2 + 3Ψ = 0.
Conversely, if the conditions (a), (b) and (c) are satisfied, then the result is obviously obtained.

4. Some ODEs
In this section, we focus our study on the T-condition and σT-condition. By solving some ODEs,
we find explicit formulas for (α, β)-metrics that satisfy the T-condition and σT-condition.
We define a function Q(s) as follows
Q(s) :=
φ′
φ− sφ′ .
The function Q(s) simplifies and helps to solve the ODEs that will be treated in this section.
Moreover, φ is given by
(4.1) φ(s) = exp
(∫
Q
1 + sQ
ds
)
.
Theorem 4.1. An (α, β)-metric with n ≥ 3 satisfies the T-condition; that is, the T-tensor vanishes
identically, if and only if it is Riemannian or φ is given by
(4.2) φ(s) = c3s
cb2−1
cb2 (cb2 − cs2) 12cb2 .
Proof. By Theorem 3.1, any (α, β)-metric satisfies the T-condition if and only if Φ = 0. So, taking
the fact that φ− sφ 6= 0 into account, the ODE s+ αk1m2 = 0 can be rewritten as follows
Q′ +
(
1
s
+
2s
m2
)
Q = − 2
m2
.
This is a first order linear differential equation and has the solution
Q =
c b2 − 1
s
− cs = c (b
2 − s2)− 1
s
, c is a constant.
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Hence,
1 + sQ = c b2 − cs2, Q
1 + sQ
=
1
s
− 1
cs(b2 − s2) .
By using (4.1), φ(s) is given by (4.2). Plugging φ(s) in Ψ and Ω, we have Ψ = 0 and Ω = 0. 
Theorem 4.2. An (α, β)-metric with n ≥ 3 satisfies the σT-condition if and only if it satisfies
the T-condition or φ is given by
(4.3) φ(s) = c3 exp
(∫
c1
√
b2 − s2 + c2s
s(c1
√
b2 − s2 + c2s) + 1
ds
)
.
Proof. First we should write Φ and Ψ in terms of Q(s) and its derivations with respect to s, as
follows
Φ = −φ(φ− sφ
′)2(Q− sQ′)(sm2φ′Q′ + (2sφ+m2φ′)Q)
4α(m2φ′Q′ + φQ)
,
Ψ = −φ(φ− sφ
′)2Q′′(sm2φ′Q′ + (2sφ+m2φ′)Q)
4α(m2φ′Q′ + φQ)
.
Now, making use of the condition (2.1), Remark 2.2 and the fact that φ − sφ′ 6= 0, the condition
Φ +m2Ψ = 0 gives the following two possible ODEs
(4.4) (b2 − s2)Q′′ − sQ′ +Q = 0
or
(4.5) sm2φ′Q′ + 2sφQ+m2φ′Q = 0
The ODE (4.5) can be given in the form
Q′ +
(
1
s
+
2s
m2
)
Q = − 2
m2
which gives the trivial case; that is, the T-tensor vanishes. The ODE (4.4) has the solution
Q(s) = c1s+ c2
√
b2 − s2.
By using (4.1), φ(s) is given by (4.3). 
5. Concluding remarks
• By the following special choice c2 := −c and c1 := cb2 − 1 (b2 is constant), the class (4.2)
becomes
φ(s) = c3s
c1
c1+1 (1 + c1 + c2s
2)
1
2(c1+1) .
which is exactly as same as the one obtained by [9] ( (7.4) in Theorem 7.2). Moreover, this metric
is positively almost regular Berwaldian.
It should be noted that this irregularity is studied by Z. Shen [9]. Here we confirm that this
metric is not regular Finsler metric because it has vanishing T-tensor. This because of Szabo
Zoltan’s result; that is, positive definite Finsler metric with vanishing T-tensor is Riemannian.
• If b(x) = b0, then (4.3) can be rewritten an follows
φ(s) = c3 exp
(∫
c′2
√
1− (s/b0)2 + c1s
s(c′2
√
1− (s/b0)2 + c1s) + 1
ds
)
, c′2 := c2/b0.
We notice that the above formulae for φ is as same as the one obtained in [9] ( (1.3) in Theorem
1.2). Which, under some restrictions on β, represents a class of Landsberg non Berwaldian Finsler
spaces. Also, with a special choice of the constants, b0 = 1 and c1 = 0, we obtain
φ(s) = c3 exp
(∫
c′2
√
1− s2
c′2s
√
1− s2 + 1ds
)
,
which is obtained by Asanov [2].
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• As an example, putting c2 = 0 in the class (3.3), φ(s) is given by
φ(s) = c3
√
1 + c1b2
√
b2 − s2 exp
(
c1b
2√
4− c21b4
arctan
(
c1b
2
√
b2 − s2 + 2s√
4− c21b4
√
b2 − s2
))
.
Here there are no restrictions on β, so it can be chosen such that b < 1 and since φ satisfies (2.1),
then the Finsler metric F = αφ(s) is regular Finsler metric admitting functions σh(x) such that
σhT
h
ijk = 0. However, F is not a solution for the Landsberg unicorn’s problem. We have to put
some restrictions on β (see [9]) so that we obtain such a solution. Unfortunately, these restrictions
turn F into almost regular Finsler metric.
• Sumerizing above,the class of (α, β)-metrics that satisfies the σT-condition is as same as the
class which is obtained by Z. Shen. This confirms our previous claim in [4] that the long existing
problem of regular Landsberg non Berwaldian spaces is (closely) related to the question:
Is there any Finsler space admitting functions σr(x) such that σrT
r
ijk = 0?
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